Abstract. For any simple algebraic group G of exceptional type, we construct geometric ℓ-adic Galois representations with algebraic monodromy group equal to G, in particular producing the first such examples in types F 4 and E 6 . To do this, we extend to general reductive groups Ravi Ramakrishna's techniques for lifting odd two-dimensional Galois representations to geometric ℓ-adic representations.
Introduction
Prior to the proof of Serre's conjecture on the modularity of odd representations ρ : Gal(Q/Q) → GL 2 (F ℓ ), one of the principal pieces of evidence for the conjecture was a striking theorem of Ravi Ramakrishna ( [Ram02] ) showing that under mild hypotheses such aρ could be lifted to a geometric (in the sense of Fontaine-Mazur) characteristic zero representation. A generalization of Ramakrishna's techniques to certain n-dimensional representations then played a key part in the original proof of the Sato-Tate conjecture for rational elliptic curves ( [HSBT10] ). Meanwhile, dramatic advances in potential automorphy theorems, culminating in [BLGGT14] , have drawn attention away from Ramakrishna's method, since for suitably odd, regular, and self-dual representations ρ : Gal(Q/Q) → GL N (F ℓ ), the potential automorphy technology, combined with an argument of Khare-Wintenberger (see eg [Kis07b, §4.2]) now yields remarkably robust results on the existence of characteristic zero lifts of prescribed inertial type (eg, [BLGGT14, Theorem E] ). Put another way, there are connected reductive groups G/Q of classical type in the Dynkin classification, for which one can apply potential automorphy theorems to find geometric characteristic zero lifts of certain
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Moving toward the present day, I am grateful to Dick Gross, from whom I learned an appreciation of the principal SL 2 , which turned out to be crucial for this paper; and to Shekhar Khare, for his comments both on this paper and on other aspects of Ramakrishna's work. Finally, I am greatly indebted to Rajender Adibhatla, whose proposal of the joint project [AP15] spurred me to revisit Ramakrishna's methods. 1 where L G denotes as usual an L-group of G. But these potential automorphy techniques are currently quite limited outside of classical types, for neither the existence of automorphic Galois representations, nor any hoped-for potential automorphy theorems, have been demonstrated in more general settings. The first aim of this paper is to prove a generalization, modulo some local analysis, of Ramakrishna's lifting result for essentially arbitrary reductive groups. Such results have some intrinsic interest, and among other things, they provide evidence for generalized Serre-type conjectures.
At first pass, we do this under very generous assumptions on the image ofρ, analogous to assuming the image of a two-dimensional representation contains SL 2 (F ℓ ). Here is a special case: see Theorem 6.4 and Theorem 10.3 for more general versions. 
G(k)
such that ρ is type P v at all v ∈ Σ (taking P v to be an appropriate ordinary condition at v|ℓ), of Ramakrishna type (see §4.2) at all v ∈ Q, and unramified outside Σ ∪ Q. Moreover, we can arrange that ρ| Γ Q ℓ is de Rham, and hence that ρ is geometric in the sense of Fontaine-Mazur.
The statement of this theorem takes for granted the study of certain local deformation conditions; in §4, we study a few of the possibilities, but we have largely ignored this problem as unnecessary for our eventual application. We should note, however, especially for a reader familiar with Kisin's improvement of the Taylor-Wiles method, that Ramakrishna's method, in contrast, seems to require the local deformation rings to be formally smooth. Regarding the global hypothesis in Theorem 1.1, note that for two-dimensionalρ, a case-by-case treatment of the possible imagesρ(Γ Q ) can be undertaken to establish the general case. Such an approach would be prohibitive in general, so after establishing Theorem 1.1, we focus onρ suited to this paper's principal application, the construction of geometric Galois representations
with Zariski-dense image in L G, where G is one of the exceptional groups G 2 , F 4 , E 6 , E 7 , or E 8 . Let us recall some of the history of this problem. 2 In his article [Ser94a] , Serre raised the question of whether there are motives (over number fields, say), whose motivic Galois groups are equal to the exceptional group G 2 , of course implicitly raising the question for other exceptional types as well. If 'motive' is taken to mean either
• pure homological motive in the sense of Grothendieck, but assuming the Standard Conjectures ( [Kle68] ); or • motivated motive in the sense of André ([And96] ), then Dettweiler and Reiter ([DR10] ) answered Serre's question affirmatively for the group G 2 , using Katz's theory of rigid local systems on punctured P 1 ( [Kat96] )-in particular Katz's remarkable result that all irreducible rigid local systems are suitably motivic. Then, in an astounding development, Yun ([Yun14] ) answered a somewhat weaker form of Serre's question for the exceptional types G 2 , E 7 , and E 8 . Namely, he showed that there are motives in the above sense whose associated ℓ-adic Galois representations have algebraic monodromy group (i.e. the Zariski-closure of the image) equal to these exceptional groups. Yun's work is also deeply connected to the subject of rigid local systems, but the relevant local systems are constructed not via Katz's work, but as the eigen-local systems of suitable 'rigid' Hecke eigensheaves on a moduli space of G-bundles with carefully-chosen level structure on P 1 − {0, 1, ∞}. In particular, Yun produces the first examples of geometric Galois representations with exceptional monodromy groups E 7 and E 8 . The main theorem of the present paper is the construction of geometric Galois representations with monodromy group equal to any of the exceptional types: We achieve this via a quite novel method, and indeed the examples we construct are disjoint from those of Dettweiler-Reiter and Yun. The case of E 6 should stand out here, as it has proven especially elusive: for example, in the paper [HNY13] , which served as much of the inspiration for Yun's work, certain L G-valued ℓ-adic representations of the absolute Galois group of the function field F q (P 1 ) were constructed for G of any simple type; their monodromy groups were all computed, and, crucially, the monodromy group turns out to be 'only' F 4 in the case G = E 6 .
1 I believe the present paper contains the first sighting of the group E 6 as any sort of arithmetic monodromy group.
In the rest of this introduction, we will sketch the strategy of Theorem 1.2. Let Γ Q = Gal(Q/Q) (in what follows, Q can be replaced by any totally real field F for which [F(ζ ℓ ) : F] = ℓ − 1). The essential content of the argument is already present in the following somewhat simpler case, where as in Theorem 1.1 we restrict to the consideration of
for G a simple Chevalley group of adjoint type. 2 The hope would be to start with an appropriatē ρ, and to use Ramakrishna's method to deform it to characteristic zero. But it is already difficult 1 The same thing happens in [FG09] , which served as inspiration for [HNY13] . 2 So what follows will literally apply except in type E 6 ; type E 6 turns out to require a minor, merely technical, modification, carried out in §9-10.
to produce suchρ, and finding one with image containing G(F ℓ ), so that the initial version of our lifting theorem might apply, would pose a problem already as difficult 3 as the inverse Galois problem for the group G(F ℓ ).
But any (adjoint, for simplicity) G admits a principal homomorphism ϕ : PGL 2 → G (see [Gro97] , [Ser96] ); for instance, for the classical groups, these are the usual symmetric power representations of PGL 2 . We have at our disposal a very well-understood collection of 2-dimensional representationsr : Γ Q → GL 2 (k), those associated to holomorphic modular forms, and for ourρ we consider composites
We therefore undertake to prove a version of Ramakrishna's lifting theorem that applies whenρ factors through a principal PGL 2 . This is carried out in §7, buttressed by an axiomatic version of Ramakrishna's argument ( §5). Choosingr so thatρ = ϕ •r satisfies the hypotheses of the lifting Theorem 7.4, and so that the resulting lift ρ : Γ Q → G(O) can be guaranteed to have maximal algebraic monodromy group, is rather delicate, however: in particular, we don't want to liftr to r : Γ F → GL 2 (O) and then take ρ = ϕ • r! The rough idea for ensuring that the monodromy group G ρ = ρ(Γ Q ) Zar is equal to G is the following:
• Ensure G ρ is reductive and contains a regular unipotent element of G. There is a straightforward (to use, not to prove) classification of such subgroups of G ([SS97, Theorem A]). Namely, when G is of type G 2 , F 4 , E 7 , or E 8 , such a G ρ is either a principal PGL 2 or all of G; and when G is of type E 6 , G ρ might also be F 4 .
• Arrange that the Hodge-Tate weights of ρ are 'sufficiently generic' that G ρ must be G itself. This is where our examples veer away from those of [DR10] and [Yun14] . Ifr(Γ Q ) contains PSL 2 (F ℓ ), it is essentially formal that G ρ is reductive: see Lemma 7.7. It is not necessarily true, however, that G ρ contains a principal PGL 2 : indeed, a beautiful result of Serre (deforming the finite groups PSL 2 (F ℓ ) themselves to characteristic zero: see Example 8.1) shows it is sometimes possible for G ρ to be finite! We now explain the subtleties in choosing a modular form f , with associated compatible system
so that the reductionsr f,λ , at least for λ lying over a density one set of rational primes ℓ, can be used as ourr. If we were content with establishing Theorem 1.2 for only a single ℓ, it seems likely that a significant computer calculation of a well-chosen residual Galois representation for a particular modular form might suffice; but any result for infinitely many ℓ (or in our case, a density one set) seems to require hurdling further theoretical difficulties.
(1) Needing ρ to have 'sufficiently generic' Hodge-Tate weights forces us to work with ordinary deformations; in particularr f,λ must be ordinary. Except for f of weights 2 and 3, establishing ordinarity of f even for infinitely many ℓ is a totally open problem, so we are forced into weights 2 or 3. Requiring ordinarity restricts the conclusion of Theorem 1.2 to a density one set of primes rather than almost all primes.
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In fact, substantially more so, because we would need not only a Galois extension with group G(F ℓ ), but also to know that the associated representationρ satisfied the various technical hypotheses of the lifting theorem, eg ordinarity at ℓ.
(2) While it would be possible to work with f of weight two, the ordinary deformation rings in this case are more often singular, and some extra work is needed to avoid this possibility; in the spirit of minimizing the amount of local work, we therefore take f to have weight 3. (3) Keeping in mind Serre's cautionary example (Example 8.1), we use a local analysis to ensure that G ρ contains a regular unipotent element. The idea is to choose f with Γ 0 (p) level at some prime p, and to consider deformations of 'Steinberg' type of ϕ •r f,λ | Γ Qp . As long as the resulting deformations to characteristic zero are as ramified as possible, they will provide us with regular unipotent elements in G ρ . But it is quite difficult purely using deformation theory to guarantee that these characteristic zero lifts have regular unipotent ramification unless the residual representationsr f,λ | Γ Qp are themselves ramified: the analogous issue in studying 'lifts of prescribed type' using potential automorphy theorems is only treated by invoking settled cases of the Ramanujan conjecture. 4 Thus, we needr f,λ | Γ Qp to be ramified for almost all λ. If f were associated to an elliptic curve over Q with multiplicative reduction at p, then the theory of the Tate curve would imply this, but it seems to be quite a deep result in general: we establish it (Proposition 8.2, which Khare has pointed out was previously proven by Weston in [Wes04] ) using essentially the full strength of level-lowering results for classical modular forms.
Having juggled the demands of the lifting theorem as just described, we can then look in tables of modular forms to find plenty of f that do in fact serve our purpose, or even show by theoretical means that infinitely many can be found. For the final steps, see Theorem 8.4.
In this sketch we have omitted the case of E 6 . When the Weyl group of G does not contain −1, G contains no order 2 element inducing a split Cartan involution, and so there are no 'odd' representations Γ Q → G(k). We instead deform odd representations valued in the L-group of a suitable outer form of G. We develop, only in the degree of generality needed for our application, the basics of deformation theory for L-groups in §9; our task is made easy by the template provided in [CHT08, §2] , which treats the case of type A n . With these foundations in place, there are no new difficulties in extending the arguments of earlier sections; we explain the very minor modifications needed in §10. The proof of Theorem 1.2 is then completed in Theorem 10.6. We hope the reader does not object to this expository decision: it would have been possible to work throughout with (possibly non-connected) L-groups, but I think as written the argument will be easier to digest, and in the end it only costs us a few extra pages.
Notation
For a field F (always a number field or local field), we let Γ F denote Gal(F/F) for some fixed choice of algebraic closure F of F. When F is a number field, for each place v of F we fix once and for all embeddings F ֒→ F v , giving rise to inclusions Γ F v ֒→ Γ F . If Σ is a (finite) set of places of F, we let Γ F,Σ denote Gal(F Σ /F), where F Σ is the maximal extension of F in F unramified outside of Σ. In §9 and §10, for an extension F/F we will also write Γ F,Σ , where Σ is implicitly interpreted as the set of place of F above Σ. If v is a place of F outside Σ, we write fr v for the corresponding geometric frobenius element in Γ F,Σ . If F is a local field, with no reference to a global field, we write fr F for a choice of geometric frobenius element in Γ F . For a representation ρ of Γ F , we let F(ρ) denote the fixed field of the kernel of ρ.
Consider a group Γ, a ring R, an affine group scheme H over Spec A, and a homomorphism ρ : Γ → H(A). Then for any algebraic representation V of H, we let ρ(V) denote the A[Γ]-module with underlying A-module V induced by ρ. This will typically be applied to the adjoint representation of H.
Let O be a finite totally ramified extension of the ring W(k) of Witt vectors of an algebraic extension k of F ℓ , and let E be the fraction field Frac O. We let C f O denote the category of artinian local O-algebras for which the structure map O → R induces an isomorphism on residue fields, and let C O denote the category of complete local noetherian O-algebras with residue field k. Let ̟ denote a uniformizer of O.
All the (Galois) cohomology groups we consider will be k-vector spaces, and we will always abbreviate dim k H i (•) by h i (•). We write κ for the ℓ-adic cyclotomic character, and κ for its mod ℓ reduction. Until §9, G will be a Chevalley group scheme over O; we mean this in the sense of [Con14] , so G is not necessarily semi-simple. The reader will not lose anything essential by taking G to be adjoint and considering the classical construction of Chevalley groups as in [Ste68] . We refer to [Con14] for a thorough and accessible treatment of the theory of reductive group schemes; this reference is vastly more general than we require, but it still seems to be the most convenient. Throughout the present paper, we will give as needed more specific pointers to results in [Con14] , but a reader with additional questions will surely find them answered there as well.
Review of deformation theory
In this section we establish our conventions and notation for the deformation theory of Galois representations. Although we could work much more generally, considering representations valued in an arbitrary connected reductive O-group scheme G (compare [Til96, §2] ), for simplicity we restrict as in §2 and require that G be a connected reductive Chevalley group scheme. In §9, following the example of [CHT08, §2.2], we will recast this background to allow representations valued in certain non-connected L-groups, but for the bulk of the paper, and most cases of the main Theorem 1.2, the present discussion suffices. We write g for the Lie algebra of G; we will abuse notation and continue to write g for the base-change to various coefficient rings, most notably the special fiber.
Some preliminary hypotheses on the prime ℓ are also needed. In the central results of this paper (eg Theorem 7.4), we will impose somewhat stricter requirements, but for now it suffices to take ℓ 2 to be a 'very good prime' for all simple factors of G: see [Car85, §1.14]. 5 Here are the relevant consequences:
• The isogeny theorem for root data ([Con14, Theorem 6.1.16]) yields two canonical central
G the maximal central torus and G der the derived group of G. These are isomorphisms at the level of Lie algebras, and note that g der does not depend up to isomorphism on the isogeny class of G der : if ℓ is very good, then it does not divide the determinant of the Cartan matrix. From now on, we write
In particular, taking ℓ ∤ n + 1 in type A n and ℓ ≥ 7 in all other cases suffices. 6 for this map onto the maximal quotient torus of G and denote G der by G µ . Likewise, the Lie algebra g der will be denoted g µ .
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• In particular, g = z(g) ⊕ g µ , where z(g) is the center of the Lie algebra of G (and the Lie algebra of Z G ), and g µ is an irreducible representation; the latter statement is checked caseby-case on simple types.
• There is a non-degenerate G-invariant form g µ × g µ → k: use [Car85, §1.16] for types other than A n and the Killing form in type A n (whose discriminant is divisible only by primes dividing 2(n + 1)). We fix such a pairing and throughout make the resulting identification g * µ g µ (this will come up when studying dual Selmer groups). Note that the Killing form of a simple Lie algebra (in very good characteristic, so we don't have to specify the isogeny class) is non-degenerate as long as ℓ does not divide 2, the discriminant of the Cartan matrix, the dual Coxeter number, and the ratio of long and short roots ([SS70, Proposition I.4.8]). Since in our main theorems we will require ℓ to be even larger, most readers will lose nothing by making this stronger assumption from the outset.
3.1. The basics. Let Γ be a profinite group, and fix a continuous homomorphismρ :
For simplicity (allowing the restriction to noetherian coefficient algebras), we assume that Γ satisfies the ℓ-finiteness condition of [Maz89] : for all open subgroups Γ 0 ⊂ Γ, there are only finitely many continuous homomorphisms Γ 0 → Z/ℓZ. Noetherian hypotheses can be avoided, as in [CHT08, §2.2], but we at least would gain nothing, and can save some work, by imposing them. We recall the basic definitions of Mazur's deformation theory:
Definition 3.1.
• Denote by Liftρ : C O → Sets the functor whose R-points is the set of lifts ofρ to a continuous homomorphism Γ → G(R). It is easy to see that Liftρ is representable, and we denote its representing object, the universal lifting ring, by R ρ .
• We say that two lifts ρ 1 , ρ 2 : Γ → G(R) ofρ are strictly equivalent if they are conjugate by an element of
The functor G is represented by a smooth group scheme over O.
• Denote by Defρ : C O → Sets the functor assigning to R the set of strict equivalence classes of elements of Liftρ(R). A deformation ofρ is an element of Defρ(R).
As usual, we will need to study certain representable sub-functors of Liftρ. We can always initially define these sub-functors only on C f O and then, having proven (pro-)representability, extend them to C O by 'continuity;' but often one wants a 'moduli-theoretic' description on all of C O , in which case one might define a functor on C O and verify directly that it commutes with filtered limits. We will allow ourselves a minor abuse of terminology and allow a 'sub-functor of Liftρ' to refer to either of these cases. Similarly, we will allow ourselves to write 'representable' when what is strictly speaking meant is 'pro-representable.' 6 In some of the discussion that follows, the reader could replace µ : G → S by some other map to an O-torus, whose kernel may be bigger than the derived group. 
with B → C small, the natural map
Proof. This follows immediately from [Sch68, Theorem 2.11]: since Lift P ρ is a sub-functor of Liftρ, all of the injectivity statements in Schlessinger's criteria follow from the corresponding statements for Liftρ.
Here is an important example, the general analogue of fixing the determinant in the case G = GL N :
Example 3.4. Recall from Equation (1) that µ : G → S is the map onto the maximal abelian quotient. Fix a lift ν : Γ F → S (O) of µ •ρ; for all O-algebras R, we also write ν for the induced homomorphism Γ F → S (R). Then we consider the sub-functor Lift
This is a deformation condition in the sense of Definition 3.2.
We now recall the usual description of the tangent space of the deformation functor (the proofs in what follows are standard, or can be imitated from the case of G = GL N in [CHT08] ). Without the crutch of matrices, we will instead use the exponential map for G, described for instance in [Til96,
, with kernel I, the exponential map is a bijection
There are canonical isomorphisms
The isomorphism τ associates to a cocycle φ ∈ Z 1 (Γ,ρ(g)) the lift
We also have the usual variant with fixed similitude character as in Example 3.4: Lift
with the property that Lift
, ̟)) under the pairing induced by Equation (2). Since Lift P ρ is closed under strict equivalence, there is an exact sequence
7 By the universal property, conjugation of the universal lift by any element of G(R ρ ) induces a morphism R ρ → R ρ . ('small' means that m R · I = 0; in particular, I is a k-vector space). Namely, if ρ ∈ Lift P ρ (R/I), then the set of lifts of ρ to an element of Lift
This torsor may of course be empty, and therein lies the whole difficulty of the subject. At least one knows that the obstruction to lifting ρ to an element of Liftρ(R) (not necessarily satisfying the deformation condition P) is measured by a class in H 2 (Γ F ,ρ(g))⊗ k I.
Definition 3.5. We say a deformation condition Lift
Finally, we remark that it is often convenient to define a local deformation condition after replacing O by the ring of integers O ′ of some finite extension of Frac(O); there are various ways of handling this, the simplest being just to enlarge, from the outset, O (and k) to be as big as necessary, and then to work with this updated version of C f O (the reader who does not wish to keep track of successive enlargements can once and for all take O = W(F ℓ )).
3.2. The global theory with local conditions. Again we take Γ to be a profinite group, but we also assume it is equipped with maps, indexed by v in some set Σ, ι v : Γ v → Γ from profinite groups Γ v (also satisfying the ℓ-finiteness condition). We continue to fix a continuous homomorphism ρ : Γ → G(k), but now the discussion from §3.1 applies both toρ and to its 'restrictions'ρ v =ρ • ι v . For each v ∈ Σ we give ourselves ('local') deformation conditions Lift
, and then consider Lift P ρ , the functor of lifts ρ ∈ Liftρ(R) such that ρ| Γ v ∈ Lift
it is of course also representable, by a ring we denote R ,P ρ . We now formulate the analogue of the tangent space and obstruction theories in this local-global setting. Let L v denote the subspace of
Then consider the map of co-chain complexes given by restriction to Γ v for all v ∈ Σ:
(for some choice of cone). We denote cocycles and cohomology of the complex C 
and it is immediate that Lift
If the invariants gρ (Γ) equal the center z(g), then Defρ and the corresponding Def 
The essential result is the following; the argument goes back to Mazur's original article [Maz89] . 
Remark 3.7. Liftability of the local deformation conditions is used to define classes in H 2 P (Γ,ρ(g))⊗ k I measuring the obstructions to surjectivity of Def
Remark 3.8. The whole discussion of this subsection continues to hold if we fix a similitude character ν : Γ → S (O) as in Example 3.4, simply replacing g by g µ in all the group cohomology calculations; in order to have a transparent relationship between the two problems-with fixed similitude character and without-we use our (ℓ very good) assumption that µ : G → S splits at the level of Lie algebras: g g µ ⊕ s, G-equivariantly. A liftable local deformation condition Lift
ρ with tangent space L v then induces a liftable local deformation condition, now also requiring fixed multiplier character, Lift
. If we are fixing similitude characters, then we will use L v to refer to this intersection, not to the larger tangent space.
Deformations of Galois representations.
We specialize now to the setting of interest. The results of this subsection will be explained with proof, in a very slightly different (but perhaps less familiar) context, in §9; see Proposition 9.2. Fix a number field F and a continuous representation ρ : Γ F → G(k) that is unramified outside a finite set of places Σ, which we will assume contains all places above ℓ and ∞. Then for Γ we will take Γ F,Σ , the Galois group of the maximal extension F Σ /F inside F that is unramified outside of Σ. For each v ∈ Σ, we consider the groups Γ v = Γ F v with their maps Γ F v → Γ F,Σ (enshrined in §2). Note that Γ F,Σ and Γ F v satisfy the ℓ-finiteness hypothesis, so the discussion of sections 3.1-3.2 applies. Fix a lift ν : Γ F,Σ → S (O) of µ •ρ, and for the remainder of this section require all local and global lifting functors to have fixed multiplier ν. For each v ∈ Σ, fix a liftable deformation condition P v , yielding a global deformation condition P = {P v } v∈Σ , so that we can consider the global functors Lift P ρ and Def P ρ . The former is always representable, and the latter is as long as we assume that the centralizer ofρ in g is equal to z(g), which we do from now on.
The obstruction theory of Proposition 3.6 is related to a more tractable problem in Galois cohomology via the following essential result, which follows from combining the long exact sequence of Equation (4) 
Again, see Proposition 9.2 for proofs of (slight variants of) what follows. 
Of course, we have assumed h 0 (Γ F ,ρ(g µ )) = 0, but the formula holds as stated without this assumption. Propositions 3.6, 3.9, and 3.10 yield the global cohomological foundation of Ramakrishna's method: 
variables.
Remark 3.12. Recall that for any finite Γ F,Σ -module M and collection of subspaces
consisting of all classes whose restriction to Γ F v lies in L v for all v ∈ Σ, and whose restriction to Γ F v is unramified for all v Σ. In particular, for any finite place w Σ, if we take L w to be the unramified local condition, then the canonical inflation map
is an isomorphism.
Some liftable local deformation conditions
In this section we study some local deformation conditions that are particularly useful for the global application to exceptional monodromy groups. 4.1. Ordinary deformations. Fix a Borel subgroup B ⊂ G, let N denote its unipotent radical, and let T be the torus B/N. Let F be a finite extension of Q ℓ , with absolute Galois group Γ F = Gal(F/F). In this section we will study the functor of ordinary lifts of a residual representation
This problem is discussed in [Til96, §2] , and our arguments will have a quite similar flavor, but will yield precise analogues for a general group G of the results proven in [CHT08, §2.4.2] for the case G = GL n . Following Tilouine, we introduce (but do not yet impose) the following hypotheses:
We now define the deformation functor of interest. We can push-forwardρ to a homomorphism
and we once and for all fix a lift
For any O-algebra R, we also denote by χ T the associated homomorphism to T (R).
be the subfunctor of Liftρ whose set of R-points Lift
; and • the restriction to inertia of the push-forward
is equal to χ T . We let R Moreover, if ρ :
Proof. Both claims follow from the elementary fact (see [Til96, Proposition 6 .2]), whose proof requires the assumption (REG), that if for some g ∈ G(R),
.10 below for a similar argument). Consequently, the push-forwards ρ T and ( g ρ) T agree, so Lift χ T ρ is well-defined, and that it defines a local deformation condition follows, using Lemma 3.3, as in [Til96, Proposition 6.2] (or again, see Lemma 4.10 below).
The second claim follows from the same consequence of (REG). Namely, for all n ≥ 1, let g n ∈ G(O/̟ n ) conjugate ρ n into B, so that, by the previous paragraph, there is some
Lifting b n to an elementb n ∈ B(O/̟ n+1 ) and replacing g n+1 byb −1 n g n+1 , we may assume g n+1 lifts g n . After inducting on n, the resulting (g n ) n≥1 define the required element of G(O).
We can now describe the tangent space L χ T ρ of the deformation condition associated to Lift
Proof. Note that by the assumption (REG),
, so the claim of the lemma is meaningful. Let φ ∈ Z 1 (Γ F ,ρ(g)) represent a class in the tangent space, so that there exists X ∈ g such that
Replacing φ by the cohomologous cocycle g → φ(g) + X − ad(ρ(g))X, we may therefore assume that φ belongs to
, we see that φ(g) T | I F = 0, and the claim follows.
We now come to the main result of this section. To achieve a particularly simple description of R ,χ T ρ , we require additional hypotheses onρ; but note that this result implies the result of [CHT08, §2.4.2] in the case G = GL n .
Proposition 4.4. Assume thatρ satisfies (REG) and (REG*), and that
Proof. We must show that Lift χ T ρ is formally smooth, and that the tangent space L χ T ρ has the claimed dimension. Both claims rely on the observation that H 2 (Γ F ,ρ(n)) = 0, which follows from the assumption (REG*). To see this, note that the Killing form, which is Γ F -equivariant, induces a non-degenerate pairing
We first use this to compute dim L χ T ρ , the key point being that the map
ρ is surjective. Indeed, it is the composite of maps
where α is surjective since H 2 (Γ F ,ρ(n)) = 0; and where β is surjective because Γ F /I F has cohomological dimension 1. Now (REG) and (REG*) imply, respectively, that
, and then the local Euler characteristic formula and local duality imply that
in the final equality we use the hypothesis ζ ℓ F (note thatρ(b/n) is a trivial Γ F -module). Moreover, by local class field theory
and we can combine Equations (7) and (8) to conclude that
Now we show that Lift
, and let ρ ∈ Lift χ T ρ (R/I). We must lift ρ to an object of Lift χ T ρ (R), and since G is smooth, it suffices to do this in the case where ρ factors through B(R/I). The obstruction to lifting ρ to a homomorphism
, which is zero as we have already seen h 2 (Γ F ,ρ(n)) = 0 and h 0 (Γ F ,ρ(b/n)(1)) = 0. We can therefore find such a ρ R , and it remains only to arrange its pushforward to T to equal χ T . But the space of B(R)-valued lifts of ρ is an H 1 (Γ F ,ρ(b)) ⊗ k I-torsor, and the claim follows immediately from the surjectivity of the map f in Equation (6). Remark 4.7. There are analogous results in the case p ℓ, which follow from the same arguments. Namely, if we now take F to be a finite extension of Q p , and letρ : Γ F → B(k) be a homomorphism satisfying (REG) and (REG*), then still assuming ζ ℓ F (which, note, affects the calculation of h 1 (Γ F ,ρ(b/n))) we deduce that the functor of type χ T lifts gives rise to a liftable deformation condition whose associated tangent space has dimension h 0 (Γ F ,ρ(g)), as is needed for Ramakrishna's global Galois cohomology argument. In §4.3, we will consider one well-behaved example, deformations of Steinberg type, in which the condition (REG*) fails. In general, however, if (REG*) fails, or if ζ ℓ belongs to F, then the type-χ T deformation ring can be singular, making it ill-suited for Ramakrishna's method.
Finally, in our global applications we will want our characteristic zero lifts to be de Rham; this is not the case for all of the lifting functors Lift χ T ρ considered in this section. We can ensure it as follows:
Proof. First note that by the second part of Lemma 4.2, the O-points of R ,χ T ρ admit a moduli description analogous to that of Definition 4.1. While the de Rham condition is not stable under extensions, it is stable under direct sums and under extensions of the form
, which we may assume valued in B(O), we apply this observation to the Γ F -stable filtration of b Q ℓ by root height, i.e. the decreasing filtration with Fil i b Q ℓ equal to the direct sum of all (positive) root spaces of height at least i. That b Q ℓ is de Rham follows by induction, since for any positive root γ, Ad(B)(g γ ) has non-zero g γ ′ -component only when γ ′ − γ is a nonnegative linear combination of simple roots. The product map B → GL(b) × T is faithful, so we can conclude ρ itself is de Rham.
Ramakrishna deformations.
This section studies the local deformation condition used at the auxiliary primes of ramification in Ramakrishna's global argument. Let F be a finite extension of Q p for p ℓ, and letρ : Γ F → G(k) be an unramified homomorphism such thatρ(fr F ) is a regular semi-simple element. Let T be the connected component of the centralizer ofρ(fr F ); this is a maximal k-torus of G, but we can lift it to an O-torus (uniquely up to isomorphism), which we also denote T , and then we can lift the embedding over k to an embedding T ֒→ G over O (see [Con14,  
F . By the regularity assumption, the order q F of the residue field of F is not congruent to 1 (mod ℓ). Let H α = T · U α be the subgroup of G generated by T and the root subgroup U α corresponding to α. We now define the lifts ofρ of Ramakrishna type: let Lift Proof. We check the Mayer-Vietoris property of Lemma 3.3. The argument is quite similar to that of Lemma 4.2, and we give the details here since they were omitted above. Let A → C and B → C be morphisms in C f O , and assume B → C is small. Suppose we are given
By assumption, there exist g A ∈ G(A) and g B ∈ G(B) such that g A ρ A factors through H α (A), and g B ρ B factors through H α (B). We denote the push-forwards of g A and g B to C by g A,C and g B,C . Since the push-forwards of ρ A and ρ B to G(C) are equal-denote this element of Liftρ(C) by ρ C -both g B,C ρ C and
We are thus led to consider, for any ρ :
We claim U(ρ, R) = H α (R); from this it follows that the element g A,C g
, so that g A and hg B have the same image in C; and this in turn easily implies
To prove the claim, we argue by induction on the length of R, so we let R → R/I be a small morphism and assume the claim over R/I. Fix a g ∈ U(ρ, R), so the fiber of U(ρ, R) → U(ρ R/I , R/I) containing g consists of all elements of the form exp(
But now the regularity hypothesis implies that Y belongs to t ⊕ g α = Lie(H α ), and the claim follows.
Having established that Lift
Ram ρ is a deformation condition, we now check that it is liftable. Since G is formally smooth, it suffices to show that we can lift an element ρ R/I of Lift 
we see that g → t g is a homomorphism, and g → x g is a cocycle in Z 1 (Γ F , R/I(1)) (since α • t g = κ(g), by assumption). Note also that t g is necessarily unramified, sinceρ is unramified, p ℓ, and q F 1 (mod ℓ). It is then easy to easy that g → t g lifts to a homomorphism (necessarily unramified) Γ F → T (R) whose composition with α is κ; and then to lift g → x g it suffices to see that
, which in turn (by local duality) follows from surjectivity of
Next we describe the tangent space L Ram ρ ; for later use, it is also convenient to describe the annihilator L 1)). Consider the sub-torus T α = ker(α) 0 of T , and denote by t α its Lie algebra. There is a canonical decomposition t α ⊕ l α ∼ − → t with l α the one-dimensional torus generated by the coroot α ∨ .
Lemma 4.11. Let W = t α ⊕ g α , and assumeρ is of Ramakrishna type. Then:
where W ⊥ denotes the annihilator of W under the given G-invariant duality on g.
To compute dim L Ram ρ , consider the long exact sequence in Γ F -cohomology associated to the sequence of Γ F -modules 0 →ρ(W) →ρ(g) →ρ(g/W) → 0.
Putting the definitions together with local duality, we find
since by assumption each term on the right-hand side is one-dimensional. 16 For part (3), note that L Ram,⊥ ρ clearly contains the image of H 1 (Γ F ,ρ(W ⊥ )(1)), so it suffices to check the two spaces have the same dimension. This follows as in part (2), now by considering the piece of the long exact sequence in cohomology beginning
* and g/W ⊥ W * to reduce to the calculation in part (2).) Part (4) follows immediately from parts (2) and (3) and an easy calculation: note that all root spaces except g −α pair trivially with W.
Remark 4.12. If we fix the similitude character, the above goes through mutatis mutandis.
Steinberg deformations.
Let F be a finite extension of Q p for p ℓ. In this section we study deformations that generically correspond to Steinberg representations on the automorphic side. In the global application of §8, this deformation condition will be used at a prime p ℓ to ensure the algebraic monodromy group of a characteristic zero lift is 'big enough. ' For simplicity (this is all that will be needed in the application), assume G is an adjoint group. We may then assume it is simple, with Coxeter number h. We assume κ : Γ F → F × ℓ has order greater than h − 1. Let B be a Borel subgroup of G over O, and let N denote the unipotent radical of B, so B/N = T is an O-torus. We may as usual replace O by a finiteétale extension before defining our lifting functors, and so we may and do assume that T is split, and that there is a section B = N ⋊ T (see [Con14, Proposition 5.2.3]). The split torus gives us a root system Φ(G, T ), and the Borel B ⊃ T gives us a system of positive roots with simple roots ∆. Definition 4.13. Letρ : Γ F → B(k) be a representation factoring through B, and assume that for all α ∈ ∆ the composite
In this case we sayρ is of Steinberg type. We define the lifts ofρ of Steinberg type to be the sub-functor Lift
, and for all α ∈ ∆ the composite
Lemma 4.14. Forρ of Steinberg type, Lift
St ρ is a well-defined deformation condition. Proof. Our hypothesis that 1, κ, κ 2 , . . . , κ h−1 are all distinct implies that H 0 (Γ F ,ρ(g/b)) = 0 (note that h − 1 is the height of the highest root). Then the lemma follows exactly as in Lemma 4.2.
We now compute the tangent space of Lift
and has dimension h 0 (Γ F ,ρ(g)).
Proof. Note first that the assertion of the lemma makes sense, since
In the last expression, each negative simple root contributes one dimension to theρ(g/b)(1) term, and the image of t gives theρ(g/n) term; the net contribution is then rk
Although the argument to this point closely resembles that of §4.1, the failure in the Steinberg case of the condition h 0 (Γ F ,ρ(g/b)(1)) = 0 means we have to work somewhat harder to establish liftability: 
For each i = 1, . . . h, let N ≥i be the closed subgroup of N, also a normal subgroup of B, whose Lie algebra is F i b. We will construct a lift of ρ by inductively constructing lifts to each B/N ≥i . For i = 1, the lift is forced on us by the definition of the Steinberg condition: we take the unique character Γ F → B/N ≥1 (R) = T (R) whose composition with each simple root equals κ. The case of lifting to B/N ≥2 is rather special, and we postpone it. Assume then that i ≥ 2, and that by induction we are given the following commutative diagram, where our task is to fill in the dotted arrow:
The obstruction to lifting ρ ≥i+1 is, by standard obstruction theory and existence of the liftρ ≥i , an element of ker
But observe that
since we are considering the cases i = 2, . . . , h − 1, and we have assumed the order of κ is greater than h − 1. Thus it remains only to consider the case when i = 1 in the above diagram. Via our fixed splitting B = N ⋊ T , we can write
for some function φ :
We can clearly lift ρ ≥1 to a homomorphismρ ≥1 : Γ F → T (R) satisfying α •ρ ≥1 = κ for all α ∈ ∆, so having done this we need only address lifting φ. But note that φ is simply an element of
so to construct a liftρ ≥2 (with the fixed push-forwardρ ≥1 to T ), we need only lift this co-cycle to an element of Z 1 (Γ F , ⊕ α∈∆ R(1)); this is done exactly as at the end of Lemma 4.10, and the proof is complete.
4.4. Minimal prime to ℓ deformations. In the application, we will require one more especially simple local condition. Continue to assume F is a finite extension of Q p with p ℓ. Now suppose thatρ : Γ F → G(k) satisfies ℓ ∤ρ(I F ). Let Lift Proof. This follows immediately from the Hochschild-Serre spectral sequence and the following standard facts:
4.5. The archimedean condition. Our global deformation problems will not explicitly impose any condition at the archimedean places, but the archimedean deformations will implicitly be dictated by properties of the residual representation. Basic to Ramakrishna's method, and to the original form of the Taylor-Wiles method, is the requirement that the residual representation be suitably 'odd.' We will now explain this oddness condition. The reader might wish to glance ahead to Equation (11) in §5 (with reference to assumptions (1) and (2), also in §5). For an appropriately chosen collection of local deformation conditions (we restrict for simplicity here to semi-simple g, so there is no 'multiplier character'), this equation gives an equality
We recall that an involution τ of G is called a split Cartan involution if dim g τ = dim(n). Proof. Observe that
The logic of the present section only depends on knowing the right-hand-side of this equation; we mention the rest only for motivation.
with equality only when every Ad(ρ(c v )) is a split Cartan involution of g (see [Yun14, Proposition 2.2] for this result, due to Cartan, about involutions of a reductive group). The value of Equation (10) being nonnegative thus forces F to be totally real and allρ(c v ) to induce split Cartan involutions of g. 
We then
Remark 4.20.
• Note also that while ρ ∨ does not always lift to G (eg, G = SL 2 ), we can always enlarge the center of G to make the lift possible (eg, G = GL 2 ). See Equation (21) in §7.1.
• Our later arguments do not logically require this description of the case −1 W G , but we provide it for motivation. When −1 does not belong to W G , we will have to work with a suitable non-connected extension of G, in order for the split Cartan involution to be an inner (in the larger group) automorphism: see §10.1.
The global theory: axiomatizing Ramakrishna's method for annihilating the dual Selmer group
Letρ : Γ F,Σ → G(k) be a continuous homomorphism such that the infinitesimal centralizer of ρ is z(g), so that the deformation functor is representable. We now begin to explain the global Galois cohomological argument, due to Ramakrishna [Ram02] for G = GL 2 and F = Q, that under favorable circumstances allows us to find a geometric characteristic zero lift ofρ. To be precise, in this section we will explain an 'axiomatized' version of the method; then in §6 and §7 we explain precise conditions onρ that allow this axiomatized method to run successfully. Recalling that S is the maximal torus quotient of G, We fix once and for all a de Rham 'similitude character' ν lifting µ •ρ:
We will henceforth only consider, both locally and globally, lifts ofρ with fixed similitude character ν (see Example 3.4); thus g µ = g der is the Galois module appearing as coefficients in all of our cohomology groups measuring deformations ofρ. We remark, however, that the reader will lose little simply by assuming G is adjoint.
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Let K = F(ρ(g µ ), µ ℓ ). For the rest of this section we assume the following:
We note here for later use that since ℓ is very good for G, our centralizer condition onρ is equivalent to the condition h 0 (Γ F ,ρ(g µ )) = 0. (2) There is a global deformation condition P = {P v } v∈Σ consisting of liftable local deformation conditions for each place v ∈ Σ (taking fixed multiplier character, both locally and globally); the dimensions of their tangent spaces are
(3) F is totally real, and for all v|∞,
, we can of course restrict φ and ψ to Γ K , where they become homomorphisms (rather than twisted homomorphisms), which are non-zero by item (4). Letting K φ /K and K ψ /K be their respective fixed fields, we assume that K φ and K ψ are linearly disjoint over K. (6) Consider any φ and ψ as in the hypothesis of item (5) (we do not require the conclusion to hold). Then there is an element σ ∈ Γ F such thatρ(σ) is a regular semi-simple element of G, the connected component of whose centralizer we denote T , and such that there exists a root α ∈ Φ(G, T ) satisfying
has an element with non-zero l α component; 9 and (c) k[φ(Γ K )] has an element with non-zero g −α component.
Remark 5.1. We note that these conditions continue to hold if we replace k by a finite extension, hence if we replace O by the ring of integers in any finite extension of Frac(O). We will use this flexibility freely in the applications of Proposition 5.2.
Proposition 5.2. Under assumptions (1)-(6) above, there exists a finite set of primes Q disjoint from Σ, and a lift G(O)
such that ρ is type P v at all v ∈ Σ and of Ramakrishna type at all v ∈ Q.
Proof. The strategy is to allow additional ramification at auxiliary primes (those in Q) to define a global deformation problem whose corresponding dual Selmer group vanishes; then we will conclude from Corollary 3.11. We are already done unless there is a nonzero element φ ∈
the equalities of the final line following from assumptions (1), (2), and (3). In particular, having such a non-zero φ forces the existence of a non-zero ψ ∈ H 1 P (Γ F ,ρ(g µ )). We will see that the hypotheses of the proposition allow us to achieve the following: We admit the existence of such a w for the time being, and show how to conclude the argument
There are evident inclusions
and we claim the second of these is an isomorphism. A double invocation of Wiles's formula (alleviating the notation with the self-explanatory shorthand) gives
and the right-hand side of this equality is zero: indeed, this follows by exactness of the sequence 
So, the map of Equation (15) is an isomorphism, and combined with Equation (14) we get an exact sequence
By assumption (Equation (12)), φ ∈ H Proof of Lemma 5.3. For our fixed φ and ψ, we obtain a σ ∈ Γ F , a maximal torus T , and an α ∈ Φ(G, T ) as in assumption (6). Choose any liftσ of σ to Γ F . By assumptions (5) and (6), we can find a τ ∈ Gal(K φ K ψ /K) such that for any liftτ of τ to Γ K , φ(τσ) has non-zero g −α -component; and (16) ψ(τσ) has non-zero l α -component.
To be precise,ρ(τ) acts trivially onρ(g µ )(1), so
and likewise ψ(τσ) = ψ(τ) + ψ(σ). Whatever φ(σ) and ψ(σ) may be, we can, by hypotheses (5) and (6), then find τ ∈ Gal(K φ K ψ /K) satisfying the conditions in equations (16) and (17). Finally, by theČebotarev density theorem, applied to the Galois extension F(ρ)K φ K ψ /F, 10 we can find a positive density set of primes w of F at whichρ is unramified and such that fr w =τσ in Gal(F(ρ)K φ K ψ /F). Note that by constructionρ(τ) belongs to Z G (k) (it acts trivially in the adjoint representation) and κ(τ) = 1. Thusτσ satisfies the same hypothesis (6) that σ was assumed to satisfy, andρ| Γ Fw is therefore of Ramakrishna type. The lemma now follows from the explicit description (Lemma 4.11) of cocycles in L 
The caseρ(Γ
In this section, under the most generous assumptions on the image ofρ, we show that all the hypotheses of Proposition 5.2 can be satisfied (except possibly the existence of suitable local deformation conditions at places in Σ). For simplicity, we will assume the derived group of G is almost-simple. There is no essential difficulty in passing to the general semi-simple case, but this way we save ourselves a little bookkeeping. As always, let h denote the Coxeter number of G. For any extension k ′ of F ℓ we introduce the notation
where G sc µ → G µ dnotes the simply connected cover of G µ (i.e., the simply-connected Chevalley group of the appropriate type). We then assume throughout this subsection that for some sub- 
, so the condition (18) is indeed a natural one to impose.
10 K φ and K ψ are Galois over F because φ and ψ are cocycles for Γ F .
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More generally, ifρ(Γ F ) contains G µ (k ′ ) as a normal subgroup, then the obstruction to havinḡ
. This group vanishes if Z G is a split torus, but not in general. We will not require Z G to be a torus, but the reader should keep in mind that the plausibility of hypothesis (18) may depend on such an assumption. Note that every G can be enlarged to a group G with Z G a split torus and G µ = G der . For convenience, we recall the assumptions on ℓ: Assumption 6.3. As always (see §3), we assume ℓ > 2 is a 'very good prime' for G. Additionally, we require ℓ to be greater than the maximum value of α ∨ , θ , where θ denotes the highest root of G and α ∨ ranges over simple coroots of G; but this condition is satisfied for all ℓ ≥ 3 (checking each simple type), so it in fact is no further constraint. We deduce that the adjoint representation g µ is not only irreducible as an algebraic representation (as ensured by ℓ being very good), but also irreducible as k[G µ (F ℓ )]-module ([Ste68, Theorem 43, pg 230]). Note also the following:
is equal to its commutator subgroup whenever ℓ > 3 or whenever ℓ = 3 and G is not of type A 1 , by [Ste68, Lemma 32 ′ ]. We omit the (easy) modifications needed for our arguments in type A 1 , since this case has of course already been treated by Ramakrishna. First note that condition (1) of §5, that h 0 (Γ F ,ρ(g µ )) = h 0 (Γ F ,ρ(g µ )(1)) = 0, is satisfied, sincē ρ(g µ ) andρ(g µ )(1) are irreducible Γ F -representations under the assumptions on the image ofρ and on ℓ. In particular, Defρ is representable. We now state the main result of this section, which, note, incorporates strictly stronger assumptions on ℓ than those of Assumption 6.3.
Theorem 6.4. Let F be a totally real field with [F(µ ℓ ) : F] = ℓ − 1, and letρ : Γ F,Σ → G(k) be a continuous representation satisfying the following conditions:
(1) There is a subfield k
(2) ℓ − 1 is greater than the maximum of 8 · #Z G sc
(3)ρ is odd, i.e. for all complex conjugations c v , Ad(ρ(c v )) is a split Cartan involution of G. (4) For all places v ∈ Σ not dividing ℓ · ∞,ρ| Γ Fv satisfies a liftable local deformation condition P v with tangent space of dimension h 0 (Γ F v ,ρ(g µ )) (eg, the conditions of §4.3 or §4.4). (5) For all places v|ℓ,ρ| Γ Fv is ordinary in the sense of §4.1, satisfying the conditions (REG) and (REG*). Then there exists a finite set of primes Q disjoint from Σ, and a lift G(O)
such that ρ is type P v at all v ∈ Σ (taking P v to be an appropriate ordinary condition at v|ℓ) and of Ramakrishna type at all v ∈ Q. In particularρ admits a characteristic zero lift that is geometric in the sense of Fontaine-Mazur.
Remark 6.5.
• Although not strictly necessary for the statement of the theorem, it is essential to note that the oddness hypothesis onρ will never be met unless −1 belongs to the Weyl group of G.
• We have made no attempt to optimize the hypotheses on ℓ; sharper results can be extracted by examining the proof below, and still sharper results can be obtained by minor variations on the argument and case-by-case analysis. For example, taking G = GSp 2n , a version of this theorem was established in [Pat06] with somewhat tighter bounds on ℓ.
Proof. The proof of this theorem will occupy the rest of this section. Conditions (1)-(3) of §5 follow immediately from the hypotheses of the theorem.
We proceed to the condition (4) of §5, namely that
Lemma 6.6. Under assumptions (1) and (2) of Theorem 6.4, H
1 (Gal(K/F),ρ(g µ )) = 0. If we further assume that F(ζ ℓ ) is not contained in F(ρ(g µ )), then H 1 (Gal(K/F),ρ(g µ )(1)) = 0 as well.
Proof. Repeated inflation-restriction arguments, using that [Z
: F] are coprime to ℓ, reduce the desired vanishing to the assertion that
Irreducibility of g µ lets us apply [CPS75, Corollary 2.9], and by [CPS75, Proposition 3.3] our assumptions on ℓ (in particular, ℓ > 9) imply there are no non-trivial 'Galois equivalences' between roots; then the output of [CPS75, Corollary 2.9] is precisely that
For the second point, let H = Γ F(ρ(g µ )) and H ′ = Γ F(ρ(g µ )(1)) . Note that F(ρ(g µ )(1)) ⊇ F(ρ(g µ ), µ ℓ ), and we claim that equality in fact holds. H ′ acts onρ(g µ ) as scalar multiplication by the character κ −1 , but no element of G can act by a non-trivial scalar in the adjoint representation. Thus, H ′ acts trivially both onρ(g µ ) and on µ ℓ , so
has order prime to ℓ we get an (inflation) isomorphism
These groups are clearly zero once κ| H 1 (i.e. F(ζ ℓ ) is not contained in F(ρ(g µ ))), since H acts onρ(g µ )(1) via κ.
In light of Lemma 6.6, we would like to understand the intersection F(ζ ℓ ) ∩ F(ρ(g µ )); this will also prove important in satisfying condition (6) of §5. Note that there is a sandwich
where P (ρ(Γ F )) denotes the 'projective image' ofρ. The maximal abelian quotient of
This latter group in turn has order dividing
; condition (4) of §5 therefore follows from the hypotheses of Theorem 6.4.
We now treat condition (6) of §5. We claim that there is a regular semisimple element x ∈ ρ(Γ L ) ∩ G µ (F ℓ ), contained in a torus T of G, and a simple root α of T , such that α(x) lies in Gal(F(µ ℓ )/L) when we identify κ : Gal(F(µ ℓ )/F) ∼ − → F × ℓ . Once we have found such an x, we will be able to satisfy the condition (6) of §5. The sharpest version of the following lemma would require a case-by-case analysis in the Dynkin classificaton. Since we have no particular need to optimize the set of allowable ℓ, we content ourselves with a crude bound that works for any group; moreover, the argument in the present form will be reused in §7.
Lemma 6.7. Retain the hypotheses of Theorem 6.4. Then we can satisfy condition (6) of §5.
Proof. By assumption, Gal(F(µ ℓ )/F) is cyclic of order ℓ−1, and we have just seen that the subgroup
; it is regular since for all positive roots α, α(x) = t 2ht(α) , the maximum height of a root is h − 1, and none of t 2 , t 4 , . . . , t 2h−2 equals 1, by our assumption on ℓ. Finally, note that for any simple root α, α(x) = t 2 belongs to Gal(F(µ ℓ )/L). Thus, for some τ ∈ Γ L ,ρ(τ) = x, and we can find σ ∈ Gal(K/L) such that
We will now take any liftσ of σ to Γ L , and any simple root α, to satisfy the first part of condition (6) of §5. For the rest, observe that since K φ and K ψ are both Galois over
by irreducibility, they both must equal the whole g µ . For our chosenσ, and any choice of simple root α, all of condition (6) is then satisfied.
Finally, we handle condition (5); again, our goal has not been to find sharp bounds on ℓ, but to find a simple, uniform argument.
Lemma 6.8. Retain the hypotheses of Theorem 6.4. Then we can satisfy condition (5) of §5.
Proof. We must show that K φ and K ψ are linearly disjoint over K. Let
, then for some integer r, Λ(V) W ⊕r (by adjunction), and then neces-
and Λ(ρ(g µ )(1)) were non-trivial, then we could conclude that Λ(ρ(g µ )) and Λ(ρ(g µ )(1)) were isomorphic. It therefore suffices to produce an element of Γ F that acts with different eigenvalues in these two representations (over F ℓ ). Let α be a root of G with respect to a split maximal torus over F ℓ , and consider an element x = α ∨ (c) for some c ∈ F × ℓ such that c 2 ∈ Gal(F(µ ℓ )/L); as in the proof of Lemma 6.7, we can find σ ∈ Γ L such thatρ(σ) ∈ x · Z G (k) and κ(σ) = c 2 . For all roots β of G, | α ∨ , β | ≤ 3, so for σ to act with different eigenvalues on Λ(ρ(g µ )) and Λ(ρ(g µ )(1)), it suffices for the order of c to be greater than 8. We can arrange this all with c = g
The hypotheses of Theorem 6.4 therefore enable us to satisfy conditions (1)-(6) of §5, so we can invoke Proposition 5.2 to complete the proof of Theorem 6.4. 7. The principal SL 2 7.1. Another lifting theorem. The aim of this section is to show that the axiomatized argument of §5 continues to apply whenρ is of the form
where ϕ is (an extension to GL 2 of) the principal homomorphism ϕ : SL 2 → G. For background on the principal SL 2 , we can do no better than refer to the lucid expositions of [Gro97] and [Ser96] , but here we will recall what is necessary to fix our notation. We begin by recalling the situation in characteristic zero ([Ser96, §2.3]). Fix a Borel B containing a (split) maximal torus T of G, with corresponding base ∆ of the root system, and also fix a pinning
here U α is of course the root subgroup in B corresponding to α. Setting X α = du α (1) for all α ∈ ∆, we obtain a principal (regular) nilpotent element
X can be extended to an sl 2 -triple (X, H, Y) inside g as follows. For each α, let H α be the coroot vector corresponding to α (i.e. H α = dα ∨ (1)), and define Y α ∈ g −α (uniquely) by requiring (X α , H α , Y α ) to be an sl 2 -triple. Then define
here the c α are integers determined by the first equation. The resulting homomorphism sl 2 → g then uniquely lifts to a homomorphism ϕ : SL 2 → G, called the principal SL 2 . By construction, ϕ t t −1 = 2ρ ∨ (t), so for any G we can extend ϕ to a −1), −1) .
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Denote by G 1 the enlarged target group, 11 so we have a principal homomorphism ϕ : GL 2 → G 1 ; of course, the derived group of G 1 is still G µ . Note that the cocharacter ρ ∨ of G ad lifts to G 1 , 12 and if G is any group for which the co-character ρ ∨ of G ad lifts to a co-characterρ ∨ of G, 13 then we can extend the principal SL 2 to a principal GL 2 by setting ϕ
The upshot is that for the remainder of this section, we will assume that the co-character ρ ∨ of G ad lifts to G; we have seen that any G can be embedded in a group with this property, without changing the derived group. We fix such a lift of ρ ∨ as well as the corresponding principal GL 2 ϕ : GL 2 → G.
A crucial piece of structure theory for us will be the decomposition, due to Kostant (see [Gro97, Proposition 5.2]), of g µ as sl 2 -module. Let P be the centralizer of X. The action of H on g µ preserves P, so there is a grading by H-eigenvalues P = ⊕ m>0 P 2m ; that the eigenvalues are even integers follows from standard sl 2 -theory. More precisely, Kostant showed:
The centralizer P is an abelian subalgebra of g µ of dimension equal to the rank of g µ . Letting GL 2 act on g µ via ϕ, there is an isomorphism of GL 2 -representations
and P 2m is non-zero if and only if m is an exponent of G. In particular, the maximal such m is h − 1.
Now, the whole theory of the principal SL 2 works ℓ-integrally for ℓ >> 0: Proof. Let S denote the (diagonal) torus of SL 2 , and write X • (S ) = Zχ. Then the highest weight of S acting on g µ is 2h − 2 (h − 1 is the height of the highest root), so [Ser94b, §2.2, Proposition 2] implies that g µ is semi-simple for ℓ ≥ 2h − 1; [Ser94b, §2.2 Remarque] moreover implies the decomposition of g µ is characteristic ℓ is just the reduction of the usual decomposition in characteristic zero.
We now come to the main result of this section; note that, again, the bounds on ℓ in the following result can be somewhat sharpened, but I don't believe in a way that would justify the added complexity. The argument applies uniformly to all G whose Weyl group contains −1, until the final step, the group-theoretic Lemma 7.6, which we have checked only for the exceptional groups.
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We remark that this enlargement of G is frequently technically convenient: for instance, it is the Tannakian group appearing when one studies the 'geometric' Satake correspondence over finite fields or number fields.
12 Namely, for the torus
where β denotes a generator of X • (G m ), in fact defines an element of X • (T 1 ).
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This lift is of course not unique; for any choice, 2ρ ∨ differs from 2ρ ∨ , the usual co-character of G der , by an element of X • (Z G ). 
Assume thatr satisfies:
(1) For some subfield k ′ ⊂ k,
(2)r is odd; (3) for each v|ℓ,r| Γ Fv is ordinary, satisfyinḡ
where
; (4) for all primes v ∤ ℓ at whichr is ramified, we can find liftable local deformation conditions
.
Then there exists a lift G(O)
such that ρ is of type P v at all primes v at whichρ| Γ Fv is ramified.
Proof. We proceed one by one through the conditions (1)-(6) of §5.
Condition (1) demands that H 0 (Γ F ,ρ(g µ )) and H 0 (Γ F ,ρ(g µ )(1)) are both zero; the former vanishing moreover implies that Defρ is representable. By Lemma 7.3, we have to check that, for all m such that P 2m 0, 
By repeated inflation-restriction as in Lemma 6.6, it follows easily that (recall
Also by the argument of Lemma 6.6, we deduce that H 1 (Gal(K/F),ρ(g µ )(1)) = 0, as long as κ| H 1: here as before we let H = Γ F(ρ(g µ )) = Γ F(r(sl 2 )) . But now the discussion after Lemma 6.6 (using the group GL 2 instead of G) applies, and we see that to ensure κ| H 1 it suffices to take [F(ζ ℓ ) : F] > 2.
We will next construct an element σ ∈ Γ F such thatρ(σ) is regular semi-simple and satisfies α(ρ(σ)) =κ(σ) for any simple root α (of the unique maximal torus containingρ(σ)), arguing just as in Lemma 6.7. First note that F(ρ(g µ )) = F(ad 0r ), and that the assumptionr( 1. Now, 2ρ ∨ , α is equal to twice the height of the root α; its maximum value is 2h − 2, so consider any element a ∈ F × ℓ with order greater than 2h − 2. Set L = F(µ ℓ ) ∩ F(ad 0r ), so thatr(Γ L ) contains the commutators ofr(Γ F ), hence contains SL 2 (F ℓ ). Let σ ∈ Γ L be an element mapping to x = a a −1 , so thatρ(σ) is regular semi-simple. For any simple root α, α(ρ(σ)) = a 2 ; to ensure that we can arrange this to equalκ(σ), we need
, hence contains all squares. We will use the σ just constructed to satisfy condition (6) of §5. Recall that we are given nonzero classes φ ∈ H 1 P ⊥ (Γ F,Σ ,ρ(g µ )(1)) and ψ ∈ H 1 P (Γ F,Σ ,ρ(g µ )), and that we have a maximal torus T containingρ(σ). We will find a simple root α such that k[ψ(Γ K )] has non-zero l α component, and k[φ(Γ K )] has nonzero g −α component. This suffices to establish condition (6), since the regular semi-simple elementρ(σ) constructed above satisfies α(ρ(σ)) = κ(σ) for any simple root α. We again appeal to Kostant's (1)), we know that each contains one of the summands Sym 2m (k 2 ) under the action of our principal sl 2 on g µ . We will use this fact to construct the desired α. An analogue of the following lemma surely holds for any simple type, but I do not have a satisfactory general argument. It is easy to check for any particular group by explicit computation, and we do this here for the exceptional types (the case of E 6 is recorded here for later use: see Theorem 10.4). Lemma 7.6. Let g be a simple Lie algebra of type G 2 , F 4 , E 7 , or E 8 equipped with a principal homomorphism ϕ : sl 2 → g. Let m be an exponent of g, so that there is a unique summand Sym 2m (k 2 ) of g µ when regarded as sl 2 -representation. This summand Sym 2m (k 2 ) contains a unique line inside ⊕ α∈∆ g −α , and the projection of this line to each (negative) simple root space g −α is non-zero except in the following cases:
• type G 2 : ℓ ∈ {2, 3, 5};
• type F 4 : ℓ ∈ {2, 3, 5, 7, 11};
• type E 7 : ℓ ∈ {2, 3, 5, 7, 11, 13, 17, 19, 31, 37, 53};
• type E 8 : ℓ ∈ {2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 61, 67, 71, 97, 103, 109, 229, 269, 397};
Now asume g is of type E 6 . If m 4, 8, then the line inside ⊕ α∈∆ g −α of the summand Sym 2m (k 2 ) has non-zero projection to each g −α except when ℓ ∈ {2, 3, 5, 7, 11}. For m ∈ {4, 8}, there is a simple root α 1 such that this projection is non-zero in g −α 1 , and for all exponents n of g, the projection of t ∩ Sym 2n (k 2 ) ⊂ g to l α 1 is non-zero, again except when ℓ ∈ {2, 3, 5, 7, 11} (in fact, any simple root not fixed by the outer automorphism of E 6 works here).
Proof. We describe the algorithm for checking this; it is especially easy to implement using any computational software that has built-in Chevalley bases for the simple Lie algebras, eg GAP or Magma. I carried the calculation out in Magma, so I have noted in what follows how Magma normalizes some indexing, etc.
(1) Let l be the rank of G. Construct a simple Lie algebra of type G with a Chevalley basis
for a suitable bijection
] a basis of g α ; arrange this bijection so that f (∆) = {1, . . . , l}. 14 Conventions for Chevalley bases are not universal; Magma's bracket relations include
for all h ∈ t, the Cartan sub-algebra spanned by the h [k] . The elements h [k] are not the coroots but rather are the dual basis:
for all 1 ≤ i, j ≤ l. Since ℓ is very good for G, these span the same k-subspace as the coroot vectors. (2) Then we define elements
where the c[i] are the appropriate structure constants to make {X, H, Y} an sl 2 -triple in the following sense:
14 Magma automatically does this when it produces a Chevalley basis. 15 The c[i] can be found in the tables of [Bou68] . Within Magma, they can be derived, for our Lie algebra g, by computing rd := RootDatum(g), then A := SimpleCoroots(rd) (an l × l matrix), then by forming a vector c whose entries are twice the sum of the rows of A 
in each case we get some Z-linear combination of y[1] , . . . , y[l], and we record (as the exceptional cases) all primes ℓ dividing one of these coefficients. The above argument in type E 6 fails for all primes ℓ (i.e. in characteristic zero, one of the integers recorded in the previous sentence is zero), but we can replace it with a simple variant. The exponents of E 6 are {1, 4, 5, 7, 8, 11}, and the above argument works except for the exponents m 2 = 4 and m 5 = 8; that is, for i ∈ {1, 3, 4, 6}, ad(Y)
) has non-zero projection to every g −α , except in characteristics ℓ ∈ {2, 3, 5, 7, 11}. For m 2 = 4 and
) has non-zero projection to the g −α i root space for i ∈ {1, 3, 5, 6}, 17 at least if ℓ {2, 3, 5, 7, 11}. We then show that for any exponent m j , the simple root α 1 is non-vanishing on the line
That is, the l α 1 component of this summand is non-zero, while Sym 2m i (k 2 ) has non-zero g −α 1 component for i = 2, 5. To do this check, we compute the
and again record the rational primes dividing the output.
Conclusion of the proof of Theorem 7.4.
We can therefore satisfy condition (6) with any simple root α for which α (t ∩ k[ψ(Γ K )]) 0 (there is always at least one such α, since this intersection is non-zero; in fact, further calculation shows that any simple α will work).
To complete the proof of the theorem, we address condition (5) of §5; that is, we must show that for non-zero Selmer classes φ and ψ, the fixed fields K φ and K ψ are linearly disjoint over K. As before (Lemma 6.8), we must rule out the possibility thatρ(g µ ) andρ(g µ )(1) have a common F ℓ [Γ F ]-subquotient. By Lemma 7.3 (and in particular semi-simplicity), it suffices to show that, for all pairs of integers m and n such that P 2m and P 2n are non-zero, (Sym 2m ⊗ det −m )(r) and
and V 2 such that Λ(V 1 ) and Λ(V 2 ) have a common sub-quotient, there is some ι ∈ Gal(k/F ℓ ) such that V 1 ⊗ k,ι k is isomorphic to V 2 . 18 Applying this observation to V 1 = (Sym 2m ⊗ det −m )(r) and V 2 = (Sym 2n ⊗ det −n )(r)(1), we are clearly done unless m = n. Then, by an earlier argument in the present proof, for any a ∈ F × ℓ 16 In Magma, when you call P := Centraliser(g, X) and then ExtendBasis(P, g), it hands you a basis of g, in terms of the Chevalley basis, whose first l entries are a basis of P, and in fact already an H-eigenbasis. 17 Intrinsically, α 2 and α 4 are those fixed under the outer automorphism of E 6 . Our labeling convention is f (α i ) = i, where x[1] , . . . , x[6] is the ordered set of simple roots produced by Magma. 18 Note that Λ is right-adjoint to ⊗ F ℓ k, and k ⊗ F ℓ k is isomorphic to ι k by the map x ⊗ y → (ι(x)y) ι .
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we can find a σ ∈ Γ F such thatr(σ) = a a −1 and κ(σ) = a 2 . It therefore suffices to ensure that the (multi-)sets of eigenvalues {a 2i } i∈ [−m,m] and {a 2i+2 } i∈ [−m,m] are not the same (a ∈ F × ℓ implies ι has no effect on the eigenvalues in question). Since m is at most h − 1, taking a to be a generator of F × ℓ and ℓ to be greater than 4h − 1 guarantees this distinctness.
We now record some further properties of the lifts produced by Theorem 7.4. These will be used in our application to the construction of geometric Galois representations with exceptional monodromy groups.
Lemma 7.7. Let F be a number field, let G be a Chevalley group, and letρ = ϕ •r for some representationr : Γ F → GL 2 (k) with image as in Theorem 7. 4 
. Suppose there exists a lift ρ of ρ to G(O) (as in Theorem 7.4, for instance). Then the algebraic monodromy group G
Proof. We may assume G is of adjoint type. Let R u ⊂ G 0 ρ be the unipotent radical of G ρ . We aim to show R u is trivial. The sequence of
where each of the inclusions has torsion-free cokernel. Reducing to k, we get a corresponding sequence, still inclusions, of
Recall that g decomposes into irreducible constituents, as sl 2 -module and hence as k[Γ F ]-module, as ⊕ m>0 Sym 2m (k 2 ) ⊗ P 2m . In particular, any of these summands, and hence any k[Γ F ]-submodule, contains a non-zero semi-simple element of g, coming from the weight zero component, i.e. the centralizer of the regular element H. We conclude that (Lie(R u ) ∩ g O ) ⊗ O k, and therefore R u itself, must be trivial, since a nilpotent Lie algebra contains no non-zero semi-simple elements.
Lemma 7.8. Let F be a number field, let G be an exceptional group, and suppose that ρ :
(O) is ordinary, factoring through a Borel subgroup B of G, and for some (any
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) maximal torus T ⊂ B, and all simple roots α ∈ ∆(B, T ), the composites α • ρ| I Fv have the form κ r α for distinct integers r α .
Proof. We may assume G is adjoint, so our task is to show G ρ = G. The essential input is a result of Dynkin (see [SS97, Theorem A]) establishing that any G ρ satisfying the first two conditions of the lemma must be either a principal PGL 2 or an embedded F 4 = G ρ ֒→ E 6 = G containing a principal PGL 2 . Assume first that G is not of type E 6 . Then it suffices for the integers r α , α ∈ ∆(B, T ), not all to be equal to conclude G ρ PGL 2 , hence G ρ = G. Now take G to be of type E 6 . The argument is essentially the same as above, but we make it more precise. By [Sei91, Theorem 1], all embeddings F 4 ֒→ E 6 are related by Aut(E 6 ). One such F 4 can be constructed by fixing a pinning, denoting by τ ∈ Aut(E 6 ) the image of the non-trivial 19 The set {r α } α∈∆(B,T ) does not depend on the choice of T . 33 element of Out(E 6 ) under the associated section Out(E 6 ) → Aut(E 6 ), and setting F 4 = (E 6 ) τ=1 . It follows that all embeddings F 4 ֒→ E 6 are E 6 -conjugate to this one, and all have the form (E 6 )
for some involution τ ′ of E 6 inducing its non-trivial outer automorphism. Let us suppose, then, that our ρ : Γ F → E 6 (O) (which from now on we regard as Frac(O), or even Q ℓ -valued) factors through (E 6 ) τ=1 F 4 for some such involution τ. In particular, ρ| Γ Fv factors through B ∩ (E 6 ) τ=1 . For all Borel subgroups B ′ of G, the character groups Hom(B ′ , G m ) are canonically identified: this assertion combines the conjugacy of Borel subgroups with the fact that they are their own normalizers. For emphasis, denote by B * this canonically-defined group. In particular, pre-composition with τ defines an automorphism of B * . Regarding ∆(B, T ) as a subset of B * , τ-invariance of ρ immediately implies that r α = r τ(α) for all α ∈ ∆(B, T ) ⊂ B * . This contradicts the fact that τ is a non-trivial outer automorphism, since we have assumed the r α are all distinct.
8. Exceptional monodromy groups: the case −1 W G Having shown that the monodromy groups G ρ produced by Theorem 7.4 are reductive, we would like to arrange that they contain the principal SL 2 of G, i.e. that they contain a regular unipotent element of G. I do not know if this is automatic for all ρ produced by Theorem 7.4, but the following beautiful result of Serre recommends caution:
Example 8.1 (Theorem 1 of [Ser96] ). Let G be a Chevalley group of adjoint type, with, as always, Coxeter number h, and let ℓ be a prime number. Let K be any algebraically closed field (eg, K = Q ℓ ).
(1) If ℓ = h + 1, then there exists an embedding PGL 2 (F ℓ ) ֒→ G(K), except when h = 2 and char(K) = 2. (2) If ℓ = 2h + 1, then there additionally exists an embedding PSL 2 (F ℓ ) ֒→ G(K). There is a pleasant parallel with the techniques of the present paper: the idea of Serre's argument is to begin with K of characteristic ℓ and the principal PGL 2 (F ℓ ) ֒→ G(K) (for any ℓ ≥ h), and then to try to deform this homomorphism to characteristic zero. This follows from a simple and satisfying group cohomology calculation for ℓ = h + 1, but is rather trickier for ℓ = 2h + 1.
Our first task, then, is to circumvent examples of this sort.
8.1. Non-splitness of residual Galois representations of Steinberg type. In this subsection we explain how to choose ourr and our deformation problem forρ = ϕ•r to guarantee that G ρ contains a principal SL 2 . The basic idea is to chooser having an auxiliary prime v ∤ ℓ of ramification 'of Steinberg type,' and then to use the local condition of §4.3. The subtlety is that we will need (in order to get non-trivial unipotent elements in the image) to guarantee that the local lift ρ| Γ Fv : Γ F v → G(O) is ramified; this is very difficult to force through purely Galois-theoretic argument unless the originalρ| Γ Fv was itself already ramified. 20 We will therefore considerr arising as the residual Galois representations associated to cuspidal automorphic representations π (corresponding to classical holomorphic modular forms) of all places w v of F at which π w is ramified, let τ w be the inertial type of π w . Then define a global deformation ring R F,λ (τ) classifying deformations ofr π,λ that are
• fixed determinant equal to det(r π,λ );
• crystalline of the same weight as π at each w|ℓ of F;
• type τ w for all ramified primes w v for π;
• unramified elsewhere.
We 
whose image is Zariski-dense in G.
Proof. Let f be a (non-CM) weight 3 cuspidal eigenform that is a newform of level Γ 0 (p) ∩ Γ 1 (q) for some primes p and q; the nebentypus of f is a character χ : (Z/pqZ) × ։ (Z/qZ) × → C × . Such f exist: for instance, there are such f in S 3 (15) ([LMF13, 15.3.1a, 15.3.3a] ). There is a number field E such that for all finite places λ of E we have λ-adic representations r f,λ : Γ Q → GL 2 (E λ ) and semi-simple residual representations
where we let F λ denote the residue field of E at λ. A well-known argument using the Weil bound and theČebotarev density theorem (see [Gee09, Lemma 3 .2]) implies that for a density one set of ℓ, there is some λ|ℓ such that r f,λ | Γ Q ℓ is ordinary. Moreover Proposition 8.2 implies that for all but finitely many λ, the restrictionr
is reducible but indecomposable. Finally,r f,λ (I Q q ) has order prime to ℓ for almost all ℓ. We then define the compositeρ λ by
Throwing out a further finite set of primes ℓ (those less than 4h, as in Theorem 7.4; note that the integer "r v " in the statement of that result is in our case 2, by [Wil88, Theorem 2.1.4]), we therefore have a density one set of ℓ, and for each such ℓ a λ|ℓ, such thatρ λ satisfies the hypotheses of Theorem 7.4: at the places p, q, and ℓ of ramification we take the following local deformation conditions:
• at p we use the Steinberg deformation condition of §4.3 and let B(p) denote the Borel of G containingρ λ (Γ Q p ); • at q we take the minimal deformation condition of §4.4;
• at ℓ we take ordinary deformations as in §4.1; to be precise, the characterρ T of Equation (5) by construction satisfies α •ρ T | I Q ℓ = κ for all α ∈ ∆, and we choose a lift χ T :
with not all r α equal to one another. In defining these local conditions, if necessary we enlarge the coefficient field F λ and work with C f O for an appropriate extension O of W(F λ ). Applying Theorem 7.4, we obtain a ρ λ : Γ Q → G(O) that is de Rham and unramified outside a finite set of primes containing p, q, and ℓ. By Lemma 7.7, the algebraic monodromy group G ρ λ is reductive. By Lemma 7.8, we will be done as long as we can show that G ρ λ contains a regular unipotent element of G.
To see this, we consider the restriction ρ λ | Γ Qp . Sincer f,λ | Γ Qp is indecomposable,r f,λ (I Q p ) contains a regular unipotent element of GL 2 (F λ ). From the construction ([Ser96, §2.3-2.4]) of the principal homomorphism ϕ, and the elementary regularity criterion [Car85, Proposition 5.1.3] for a unipotent element, it follows thatρ λ (I Q p ) contains a regular unipotent element of G(F λ ). Of course κ is unramified at p, so by definition of the Steinberg deformation condition α • ρ λ (I Q p ) = 1 for all α ∈ ∆, and therefore ρ λ | I Qp is valued in the unipotent radical of B(p). For any element g ∈ I Q p such thatρ λ (g) is regular unipotent, we deduce that ρ λ (g) is regular unipotent in G (Frac(O) ).
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Remark 8.5.
(1) The density-one set of the theorem is 'explicit' in the sense that, given an ℓ, we can check whether the argument of the theorem applies to it: we take our chosen modular form and compute its ℓ th Fourier coefficient. (2) It is not hard to see that there are infinitely many f for which this argument applies. One might ask whether they can somehow be played off of one another to deduce a version of the theorem for almost all ℓ rather than a density one set. (3) We have restricted to the case of adjoint G only for simplicity; as in §7.1, it suffices to work with a G having a 'principal GL 2 ,' i.e. for which ρ ∨ makes sense as a co-character.
Deformation theory for L-groups
In this and the following section we carry out the technical modifications needed to treat the case of E 6 in Theorem 1.2. We begin here with a brief discussion of Galois deformation theory for 22 Note that if we did not restrict to adjoint G, the above argument would show that ρ λ (g) is a product z · u, where z ∈ Z G and u is regular unipotent in G; but of course then by Jordan decomposition u ∈ G ρ as well.
non-connected L-groups. For simplicity we have not sought optimal generality in this discussion, but what we do is more than enough for our purposes. The reader should note that [CHT08, §2] provides a template for this discussion; those authors work with the L-group of an outer form of GL n × GL 1 .
9.1. Group theory background. Let Ψ = (X • , X • , Φ, ∆, Φ ∨ , ∆ ∨ ) be a based root datum. By a dual group for Ψ we will mean a pinned split reductive group scheme over Z whose associated root datum is the dual root datum Ψ ∨ . To be precise, following [Con14, Definition 5.1.1], this consists of (1) a reductive group G ∨ over Z; 
of the canonical projection Aut G ∨ → Out G ∨ . In particular, we can define the semi-direct product group scheme G ∨ ⋊ Aut(Ψ) over Z. Now let F be a field with separable closure F and as always absolute Galois group Γ F = Gal(F/F). Let G be a connected reductive group over F; over F, we fix a Borel and maximal torus T F ⊂ B F ⊂ G F and define Ψ to be the associated based root datum. In the usual way ([Bor79, §1]) we obtain a canonical homomorphism µ G : Γ F → Aut(Ψ), depending only on the class of inner forms to which G belongs. Consider a dual group G ∨ (the other data being implicit) for Ψ. We then define the (split form of the) L-group of G by combining µ G with the splitting (22):
Thus we have defined a group scheme over Z whose base change to an algebraically closed field is the 'usual' L-group of G.
We now recall ( [Gro97, §2] ) that the principal SL 2 extends to a homomorphism
To be precise, as in Lemma 7.2 let ℓ be a prime greater than or equal to h ∨ , the Coxeter number of G ∨ , so that there is (using the pinning) a principal homomorphism ϕ : SL 2 → G ∨ defined over Z (ℓ) . Since Γ F permutes both the elements of ∆ ∨ and the corresponding set of positive coroots, it is easily seen to preserve the sl 2 -triple (X, H, Y) in g ∨ (see §7.1). Thus Γ F preserves ϕ, which consequently extends to the desired ϕ :
9.2. Deformation theory. We now consider an L-group L G over Z as in §9.1. For simplicity, from now on we assume G is simply-connected, so the dual group G ∨ is an adjoint Chevalley group; this will avoid the need to 'fix the determinant' in what follows, and it suffices for our application. Moreover, Aut(Ψ) is now finite, and the homomorphism µ G factors through a faithful homomorphism Gal( F/F) → Aut(Ψ) for some finite extension F/F. We can and do replace L G with the finite form L G = G ∨ ⋊ Gal( F/F) in all that follows. For simplicity, we will moreover assume that G is chosen so that F is totally imaginary.
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Let Σ denote a finite set of finite places of F; we will always assume that Σ contains all places above ℓ and that all elements of Σ split in F/F. Let F Σ be the maximal extension of F unramified outside (places above) Σ. The extension F Σ /F is Galois, and we have an inclusion of Galois groups
Here we have introduced the new notation Γ Σ for the latter group; it is not the same as the group Γ F,Σ , since F/F may be ramified outside Σ. For each v ∈ Σ, choose a placeṽ of F above v; we write Σ for the collection of all suchṽ. We fix one member of the Γ F,Σ -conjugacy class of homomorphisms Γ Fṽ → Γ F,Σ , and we thereby also obtain a homomorphism Γ F v → Γ F,Σ (whose Γ F,Σ -conjugacy class depends on the choice ofṽ|v).
Letρ :
Gal( F/F)
commutes. In particular, the restriction ofρ to Γ F,Σ factors through G ∨ (k). In parallel to Definition 3.1, we now define the relevant functors of lifts and deformations ofρ: Definition 9.1.
• Let Liftρ : C f O → Sets be the pro-representable functor whose R-points is the set of all lifts ofρ to a continuous homomorphism (automatically an L-homomorphism)
We denote the representing object by R ρ .
• We say two lifts ρ 1 and ρ 2 are strictly equivalent if they are conjugate by an element of
• Denote by Defρ : C f O → Sets the functor of strict equivalence classes in Liftρ.
• A collection of local deformation problems forρ is, for each v ∈ Σ, a representable subfunctor Lift
of Liftρ | Γ Fṽ that is closed under strict equivalence. Note that hereρ| Γ Fṽ is a G ∨ -valued homomorphism, so the local deformation conditions in question are no different from those considered in §3- §7.
• Writing P = {P v } v∈Σ for a collection of local deformation conditions as in the previous item, we define the global functor Lift P ρ by taking the sub-functor of Liftρ of lifts whose restrictions to each Γ Fṽ lie in Lift
; the quotient of Lift P ρ by strict equivalence defines Def
exactly as in §3.2 (see Equation (3) and following).
We impose the usual requirement that ℓ be very good for G ( §3); if G has a simple factor of type D 4 , also exclude ℓ = 3. It is now important that ℓ not divide [ F : F], but in fact that follows from the other assumptions, since a simple Dynkin diagram has automorphism group with order divisible at most by the primes 2 and 3 (with 3 only occurring in type D 4 ). The (1) There is a canonical isomorphism Def 
variables by an ideal that can be generated by at most
Remark 9.3. Just as in Equation (11) of §5, in the application our local calculations and assumptions on the image ofρ will imply that the right-hand-side of Equation (23) is zero, hence that h
(1)), as needed for Ramakrishna's method.
To be precise, global duality gives such a sequence with Γ F,Σ in place of Γ Σ (and all places of F above Σ contributing to the local terms); the above sequence is the result of taking Gal( F/F)-invariants. Comparing this and the previous 7-term sequence, we conclude that
Now, the definition of the complex C
A minor variant of the global Euler-characteristic formula (demonstrated in [CHT08, Lemma 2.3.3]), combined with the local Euler-characteristic formula, yields the formula
On the other hand, we have just seen that
Combining Equations (26) and (27), we obtain the formula (23) stated in the proposition. 41 Finally, under the assumption that each P v is liftable, for any small extension R → R/I, and any lift ρ ∈ Lift P ρ (R/I), we can construct an obstruction class obs ρ,R,P ∈ H 
variables by an ideal generated by at most dim k H 2 P (Γ Σ ,ρ(g ∨ )) elements; the last part of the proposition follows from the equality (established in the course proving (3)) h
Remark 9.4. We note a basic compatibility in the construction of these Selmer groups. For any finite Γ Σ -module M, let {Lṽ} v∈Σ be a collection of sub-modules Lṽ ⊂ H 1 (Γ Fṽ , M). For any w Σ split in F/F, with a specified placew of F above w, the inflation map
is an isomorphism: for surjectivity, note that a cocycle φ such that φ| I Fw = 0 also vanishes on I Fw′ for allw ′ |w, 24 so factors through Γ Σ .
The case −1 W G
A minor variant of the argument of § §5 and 7 will treat the case of type E 6 and consequently complete the proof of Theorem 1.2. We carry out this variant in the present section, by establishing a version of Ramakrishna's lifting theorem for groups whose Weyl group does not contain −1. As in §9, we restrict for simplicity to the case in which G ∨ is an adjoint group; thus, we are really concerned only with the groups PGL n , PSO 4n+2 , and the adjoint form of E 6 . Note that in these cases the automorphism group of the Dynkin diagram is always Z/2Z.
Constructing
L G. We retain the general setup of §9. Thus Ψ is a based root datum for which we construct a dual group G ∨ (in the sense of §9.1). We fix a number field F, which from now on will be assumed totally real, and to a connected reductive group G over F with (absolute) root datum Ψ we can associate a Z-form of the L-group L G. Our first aim is to choose this G, in the case −1 W G , so that L G admits 'odd' homomorphisms from Γ F , allowing us to work out a (minor) variant of Ramakrishna's method for L G. Recall from §4.5 that (now letting ρ be a half sum of positive roots of G, hence a co-character of G ∨ ) Ad(ρ(−1)) is no longer a split Cartan involution of g ∨ , so composing an odd two-dimensional representation Γ F → PGL 2 (k) with the principal homomorphism PGL 2 → G ∨ will no longer yield a homomorphism Γ F → G ∨ (k) satisfying item (3) of §5. We now explain how to rectify this.
Let F/F be a quadratic totally imaginary extension of the totally real field F. The choice of F induces a canonical non-trivial element δ F/F of Hom(Γ F , Z/2Z) = Hom(Γ F , Aut(Ψ)) (note that Z/2Z has no non-trivial automorphism, so we are justified in writing '='). We choose G to be any form over F of the root datum Ψ so that the associated homomorphism µ G : Γ F → Aut(Ψ) is equal to δ F/F . To be precise, if G 0 is a pinned split form of Ψ over F, giving a base-point in H 1 (Γ F , Aut(G 0,F )), we can take G to be any form whose cohomology class lifts δ F/F under the homomorphism H 1 (Γ F , Aut(G 0,F )) → H 1 (Γ F , Out(G 0,F )) = H 1 (Γ F , Aut(Ψ)). 23 In their notation, take S = Σ and T = ∅. 24 The groups I Fw and I Fw′ are conjugate in Γ Σ∪w , and the cocycle relation implies φ(ghg −1 ) = 0 whenever φ(h) = 0 and h acts trivially on M.
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As in §9.1 we obtain the principal homomorphism Proof. For our choice of G, the homomorphism µ G factors through δ F/F : Gal( F/F) → Aut(Ψ), with any complex conjugation c v mapping to the non-trivial element of Aut(Ψ) (the opposition involution). By [Gro97, Proposition 7.2], which continues to hold under the assumption ℓ ≥ 2h ∨ −1 (see Lemma 7.3 and the proof of [Gro97, Proposition 7.2]), the trace of Ad(θ) is − rk(g ∨ ). Since θ 2 = 1, it follows easily that
10.2. The lifting theorems. We continue with an F/F and L G as in §10.1. Let Σ be a finite set of finite places of F, containing all places above ℓ, such that all members of Σ split in F/F. For each v ∈ Σ, we fix extensionsṽ of v to F and fix embeddings Γ Fṽ ֒→ Γ F,Σ . Assume we are given a continuous L-homomorphismρ : Γ Σ → L G(k) (in particular,ρ(Γ F,Σ ) ⊂ G ∨ (k)) such that the centralizer in g ∨ ofρ| Γ F,Σ is trivial, and that moreover satisfies the following properties:
(1) h 0 (Γ Σ ,ρ(g ∨ )) = h 0 (Γ Σ ,ρ(g ∨ )(1)) = 0. (From now on we denote Gal( F Σ /K) by Γ K,Σ ; this notation is consistent with the notation Γ F,Σ since K/ F is ramified only at places above Σ.) (6) Consider any φ and ψ as in the hypothesis of item (5) (we do not require the conclusion to hold). Then there is an element σ ∈ Γ F,Σ such thatρ(σ) is a regular semi-simple element of G ∨ , the connected component of whose centralizer we denote T ∨ , and such that there exists a root α ∨ ∈ Φ(G ∨ , T ∨ ) satisfying Proof. With the following modifications, the proof of Proposition 5.2 applies verbatim:
• Replace Γ F,Σ with Γ Σ (likewise for Σ ∪ w).
• In Lemma 5.3, require w Σ to be split in F/F; note that now we assume the existence of a σ ∈ Gal( F(ρ)/ F) satisfying the conclusion of item (6), and we find the desired split primes of F/F by applying theČebotarev density theorem to the Galois extension F(ρ)K φ K ψ / F (recall that the primes of F that are split over F have density one in F).
There is no difficulty now in deducing an analogue for L G of Theorem 6.4: Proof. Proceed as in the proof of Theorem 6.4, but now using Proposition 10.2. We leave the details to the reader.
Next we deduce an analogue of Theorem 7.4:
Theorem 10.4. Assume now that G is of type E 6 , and let ℓ be a rational prime greater than 4h ∨ − 1 = 47. Let F be a totally real field for which [F(ζ ℓ ) : F] = ℓ − 1, and letr : Γ F → GL 2 (k) be a continuous representation unramified outside a finite set Σ of finite places, which we assume to contain all places above ℓ. Assume thatr moreover satisfies the following:
(1) For some subfield k ′ ⊂ k, We then choose a quadratic totally imaginary extension F/F with the following properties:
• All elements of Σ split in F/F.
• F is linearly disjoint from F(r, ζ ℓ ) over F.
Then using F/F we can define the L-group L G over Z as in §10.1 and consider the composite homomorphism
We additionally assume that for all primes v ∈ Σ not dividing ℓ, we can find liftable local deformation conditions P v forρ| Γ Fṽ such that dim Lṽ = h 0 (Γ F v ,ρ(g ∨ )).
Then there exists a finite set of places Q disjoint from Σ and a lift L G(O)
such that ρ| Γ Fṽ is of type P v for all v ∈ Σ, and (having specified a placew|w of F for all w ∈ Q) ρ| Γ Fw is of Ramakrishna type for all w ∈ Q. Remark 10.5. As with Theorem 7.4, the argument will apply to simple types D 2n+1 and A n once Lemma 7.6 is established in those cases.
Proof. First, it is clear that we can find such an extension F/F: it suffices to choose a quadratic imaginary field Q( √ −D) in which all (rational) primes below Σ are split, and which ramifies at some prime that is unramified in F(ρ, ζ ℓ ); existence of such a D follows from the Chinese Remainder Theorem.
We now rapidly verify the six conditions of the axiomatized lifting theorem, as enumerated at the start of §10.2. That the centralizer in g ∨ ofρ| Γ F,Σ is trivial follows as in Theorem 7.4, since F is linearly disjoint from F(r). Likewise condition (1) follows as before, it even sufficing to consider Γ F,Σ -invariants. Condition (2) is satisfied by assumption, and by taking an appropriate ordinary deformation condition at v|ℓ. Oddness ofr and Lemma 10.1 together imply condition (3).
The argument of Theorem 7.4 also implies the cohomological vanishing statements of condition (4): to be precise, the argument there directly applies to the cohomology of Gal(K/ F), but since ℓ is coprime to [ F : F] = 2 the slight strengthening here also holds. Condition (5) is also the identical argument (using the element σ to be constructed in the verification of condition (6)). For condition (6) we construct an element σ ∈ Gal(F(ad 0 (r), ζ ℓ )/L), where L is as before the intersection F(ad 0 (r)) ∩ F(ζ ℓ ), exactly as in Theorem 7.4; we then note that since F is linearly disjoint from F(ad 0r , ζ ℓ ), we can in fact extend σ to an element of Γ F·L , and in particular we may regard it as an element of Γ F,Σ . Finally, the group theory establishing the trickiest condition (6) was already checked for type E 6 in the proof of Lemma 7.6: for the desired simple root α, we can take any simple root not fixed by the outer automorphism of E 6 . 10.3. Deformations with monodromy group E 6 . Finally in this section we complete the proof of Theorem 1.2 by treating the case of E 6 . Theorem 10.6. There is a density one set of rational primes Λ such that for all ℓ ∈ Λ there exists a quadratic imaginary field F/Q, an almost simple group G/Q of type E 6 , and an ℓ-adic representation
whose image is Zariski-dense in L G G ∨ ⋊ Z/2Z. After restriction to Γ F , the image of ρ ℓ | Γ F is Zariski-dense in G ∨ .
Proof. We choose a (non-CM) weight 3 cuspidal eigenform that is new of some level Γ 0 (p)∩Γ 1 (q), exactly as in Theorem 7.4, and consider the associated residual representations r f,λ : Γ Q,Σ → GL 2 (F λ )
where Σ = {p, q, ℓ} (λ|ℓ). For a density one set of ℓ, and a quadratic imaginary field F/Q chosen as in Theorem 10.4, we obtain a homomorphism
satisfying all the hypotheses of Theorem 10.4, where we take (after possibly enlarging F λ ) Steinberg, minimal, and (sufficiently generic) ordinary deformation conditions at (the specified split place of F above) p, q, and ℓ, as in Theorem 7.4. Let ρ denote the resulting lift to L G(Q ℓ ). Again by Lemma 7.7 and Lemma 7.8, now applied to ρ| Γ F,Σ , we see that the Zariski closure of the image ρ(Γ F,Σ ) is all of G ∨ .
Remark 10.7. Recall that we had a great deal of flexibility in choosing the field F, and we acquire more by allowing the modular form f (and, more precisely, its primes p and q of ramification) to vary. Some strengthening of Theorem 10.6 is surely possible in which one tries to describe the 46 fields F for which the conclusion of the theorem can be shown to hold, but we do not pursue this here.
As with Theorem 8.4, note that we can check computationally whether a given prime ℓ belongs to the density one set admitted in the theorem statement.
